We use first principles calculations to study the influence of thermomechanical loads on the energetics of precipitation in magnesium-aluminum alloys. Using Density Functional Theory simulations, we present expressions of the energy of magnesium-aluminum binary solid solutions as a function of concentration, strain and temperature. Additionally, from these calculations, we observe an increase in equilibrium volume (and hence the equilibrium lattice constants) with the increase in concentration of magnesium. We also observe an increase in the cohesive energy of solutions with increase in concentration, and also present their dependence on strain. Calculations also show that the formation enthalpy of β phase solutions to be strongly influenced by hydrostatic stress, however the formation enthalpy of α phase solutions remain unaffected by hydrostatic stress. We present an expression of the free energy of any magnesium aluminum solid solution, that takes into account the contributions of strain and temperature. We note that these expressions can serve as input to process models of magnesium-aluminum alloys. We use these expressions to report the influence of strains and temperature on the solubility limits and equilibrium chemical potential in Mg-Al alloys. Finally, we report the influence of thermomechanical loads on the growth of precipitates, where we observe compressive strains along the c axis promotes growth, whereas strains along the a and b directions do not influence the growth of precipitates.
Introduction
Magnesium is the lightest among all commonly used structural metals, abundantly available on the earth's crust and has among the highest strength to weight ratio. Further, the availability of high purity magnesium, low melting temperature and high specific heat offer attractive potential for a wide range of applications including automotive, aeronautics and aerospace to consumer electronics. Still, the lack of ductility and fracture toughness has limited the actual applications despite considerable research over the last decade [1, 2, 3] .
Magnesium has a hexagonal closed-packed (HCP) structure with very easy slip along the basal plane and difficult slip along the pyramidal plane. This high anisotropy contributes to the strength with proper texture but also to the low ductility. Aluminum is a commonly used alloying element -including in the AZ class of magnesium alloys -because of its availability, low density, desirable corrosion and mechanical properties. Aluminum forms β phase precipitates, an intermetallic compound with a composition of Mg 17 Al 12 and a body-centred cubic structure (space group I43m). These precipitates strengthen magnesium alloys by resisting the motion of basal dislocations [1, 2, 3, 4] . Significant efforts have been directed towards characterizing and understanding precipitation strengthening in magnesium alloys [5, 6, 7, 8, 9] . It has been recognized that the amount of hardening depends critically on the number density and orientation [10] . Further, while the intermetallic precipitates contribute to hardening, they also can contribute to the lack of ductility, fracture and fatigue, and reduced spall strength when their sizes become too large [11, 12, 13] . Therefore, there is an interest in controlling the size, orientation and number density of precipitates by thermo-mechanical treatment.
The conventional processing route involves solution treatment at 692 K within a single phase region of magnesium with an HCP structure, followed by quenching to a supersaturated solid solution of aluminum in magnesium matrix, and finally ageing at a temperature range of 373 K to 573 K, which decomposes the solid solution into a fine distribution of precipitates in the magnesium matrix. There are two ways of formation of β phase precipitates. First is by discontinuous precipitation, which give rise to a lamellar structure. Discontinuous precipitates start growing from the grain boundaries and expands towards the grain center [2] , and develop primarily at temperatures of up to 450 K [14] . The second type of precipitates is continuous precipitation which forms in the grain interiors, have smaller aspect ratios than discontinuous precipitates, and typically develops during annealing of a super saturated alloy at temperatures greater than 600K [14] . In AZ class of magnesium alloys, both continuous and discontinuous precipitation occur simultaneously at intermediate temperatures [14, 15, 2] . Heat treatment conditions also affect the type of precipitation [16, 17, 18, 19] . Certain conditions of thermomechanical processing involving deformation and temperature not only recrystallizes grain, but can also drive precipitation [20, 21, 22, 11] . Unlike the precipitates formed by conventional ageing, precipitates formed during dynamic precipitation are continuous, nanosized with high number density and low aspect ratio [22, 11] . While this is encouraging, there is a lack of complete understanding which can accurately capture deformation driven precipitation, and this provides the motivation for the current work.
We use density functional theory to calculate the energies of magnesium-aluminum phases under diverse conditions of temperature and strain, and use it to find the influence of thermomechanical loads on the energetics of precipitation in magnesium-aluminum binary alloys. This provides insights into precipitation, and also free energy surfaces that can be inputs to process models.
The remainder of this manuscript is organized as follows. In Section 2 we describe the details of the first principles calculations. We present and discuss the results of our simulations in Section 3 . Finally, in Section 4, we provide concluding remarks.
Computational approach
We use the first principles density functional theory in a real space framework using the SPARC [23, 24] platform. We employ a twelfth-order accurate finite-difference discretization with a mesh spacing of 0.5 Bohr and the Perdew-Wang parameterization [25] of the correlation energy calculated by Ceperley-Alder [26] as well as norm-conserving Troullier-Martins pseudopotentials [27] . The SPARC framework uses polynomial filtered subspace iteration associated with Chebyshev polynomials of degree 20. We assume periodicity and use a 10 × 10 × 10 Monkhorst-Pack grid for performing all integrations over the Brillouin zone. Finally, we accelerate the convergence of the self consistent field iteration using periodic Pulay mixing [28] with mixing history 7, mixing parameter 0.2 and Pulay extrapolation frequency 2.
We consider two phases of Mg-Al marked in the partial phase diagram reproduced in Figure 1 . The first is the α phase that is a hexagonal close packed Mg phase with Al as solute. We study this phase with Mg concentration ranging from 0.875 to 1.0. We use a 4 atom unit cell for a pure Mg phase. For the other Mg rich phases, the number of atoms in the supercells are 8, 16 and 32 for concentrations of 0.875, 0.938 and 0.969, respectively. In these supercells, one Mg atom is substituted with an Al atom. In each of these supercells, there are multiple lattice sites at which the Al substitution can occur. In our work, we have calculated the energies of a few of these cases, and have observed that the variation in energy between different substitutions is less than 4 × 10 −4 eV/atom, which is much less than the variation with respect to concentration, and strain. The second phase is the β phase that is a cubic Mg 17 Al 12 phase with either Al or Mg solutes.
We study this phase with concentration ranging from 0.569 to 0.724, and 58 atoms in the unit cell.
For each configuration, we first find the ground state by letting the atoms relax under the constraint of crystallographic symmetry till the maximum component of atomic force is less 1 × 10 −4 Ha/Bohr. To study the effect of strain, we apply the strain relative to this ground structure on the outer atoms of the computational cell and let the internal atoms relax till the maximum component of atomic force is less 1 × 10 −4 Ha/Bohr. We have nine realizations of strain at each concentration.
3 Results and discussion
Equilibrium volume and lattice constant
The equilibrium lattice constants are calculated to be a=3.125 Angstrom, c/a=1.624 for pure magnesium (pure α) and a=10.301 Angstrom for Mg 17 Al 12 (pure β) . Previously reported values of the lattice constant of pure magnesium are a=3. 16 Angstrom, c/a=1.61 (DFT) [29] , a=3.21 Angstrom, c/a=1.623 (experiment) [30, 31] , and the equilibrium lattice constant of the β phase is 10.56 Angstrom (DFT) [32] , and 10.40 Angstrom (experiment) [33] . Figure 2a shows that the equilibrium volume decreases with decreasing concentration of magnesium in both phases. In fact, both c and a decrease with decreasing concentration of magnesium in the α phase as also shown in agreement with previously reported trend [34] . The change in the concentration of magnesium in the α phase solutions has negligible influence on the c/a ratio. We fit the equilibrium volume as a function of concentration:
where V α,β 0 = {22.02, 18.85} Angstrom 3 /atom and V α,β 1 = {3.904, 6.029} Angstrom 3 /atom, and c α = 1, c β = 0.586. Figure 2b compares the electron density on the basal plane in a lattice with pure Mg with that in a lattice with an Al solute. We observe that there is an increased electron density in the vicinity of an Al atom compared to that of a Mg atom. This reflects the higher valency of Al (3) compared to that of Mg (2) . This elevated electron density causes a tight bonding of Al to the neighbors compared to Mg resulting in a decrease in lattice parameters.
Energy
Next we turn to the computed (internal) energy at various concentrations and strains. See Supplementary information for the data. Figure 3 shows representative results. We find it possible to collapse the results of all our computations for each phase into the expression
where the phase and concentration dependent ground state (strain-free) energy E α,β 0 as well as the phase and concentration dependent second and third order moduli M α,β and C α,β are
The fitted coefficients (as well as the root-mean-square error) are shown in Table 1 . c α,β are concentrations of the pure α and β phases (c α = 1, c β = 0.586). The strain α,β ij [c] is the eigenstrain due to the expansion of the lattice with increase in magnesium concentration, and is measured with respect to the pure Mg or Mg 17 Al 12 . This can be calculated from the fits of the equilibrium volume given in Section 3.1.
Cohesive energy
The relative stability of crystalline structure is determined from the cohesive energy defined as the energy difference between the crystallized structure and the isolated atoms. The cohesive energy per atom is defined as Zero strain coefficients where E M g and E Al are the energies of isolated magnesium and aluminum atoms, respectively. Note that a negative value implies that the crystallized form is more stable than the isolated atoms and lower value implies greater stability of the crystallized form. We find that the cohesive energy of the β phase is -2.80 eV/atom and the cohesive energy of the α phase is -1.89 eV/atom. Previously reported values of the cohesive energy of β phase is -2.56 eV/atom (DFT) [32] , and for the α phase is -1.64 eV/atom (DFT-LDA) [29] , and -1.51 eV/atom (experiment) [30, 31] . Figure 4 shows the cohesive energy of unstrained solid solutions as a function of concentration of magnesium. We observe that the calculated values of cohesive energy is negative for both types of solid solutions. Further, the cohesive energy increases with the increase in concentration of magnesium, signifying decreasing stability of solutions with increasing concentration. This is again consistent with our observation that Al atoms bind more tightly with its neighbors compared to the Mg atoms (see discussion of Figure 2 in Section 3.1)). Figure 5 shows how the cohesive energy depends on concentration and strain. We display volumetric strain and uniaxial strain along the c−axis for the α phase and cubic axis for the β phase. The curvature with respect to the strain gives the moduli. We can use the expressions (2), and (6) to infer that these correspond to C α,β ijkl . We find that the bulk modulus is 54 GPa for the β phase and 37 GPa for pure magnesium. The previously reported values of the bulk modulus is 49.6 GPa (DFT) [35] for the β phase and 35 GPa (DFT) [29] , 35.4 GPa (experiment) for pure magnesium.
Formation enthalpy
The enthalpy of the α and β phases is the Legendre transform of the internal energy
The formation enthalpy ∆H α,β is
where H α,β is the enthalpy of the solid solution, H M g is the enthalpy of pure magnesium and H Al is the enthalpy of pure aluminum, all taken at stress σ. We use formation enthalpy to compare the relative alloying ability of the solutions, with lower value suggesting stronger alloying ability [35] . Figure 6 shows the dependence of the formation enthalpy on hydrostatic stress. We note that it is common to encounter these stresses within the range from ± 0.6 GPa during thermomechanical processing of magnesium aluminum alloys. From the figure, we see that for all the values of hydrostatic stress, the formation enthalpy of the β phase is the lowest among all solid solutions considered in our work. Also evident from the slopes of the plots, hydrostatic stress has considerable influence on the formation enthalpy of the solutions with β phase as solvent but has negligible effect on the formation enthalpy of the solutions with α phase as solvent. For the solutions with β phase as solvent, tensile hydrostatic stresses further decrease the formation enthalpy, whereas compressive hydrostatic stresses increase the formation enthalpy. 
Free energy
The Helmholtz free energy as a function of concentration c, strain and temperature T is given by
In this work, we limit the entropy to the configurational entropy (i.e., we neglect the vibrational entropy 1 ). This is independent of phase and strain, and is given by
where k B is the Boltzmann constant. Recalling the expression (2) for the internal energy, we have an expression for the free energy. This free energy functional can be employed for phase field simulations of deformation assisted precipitation in magnesium aluminum alloys.
Growth of precipitates under thermomechanical loads
We now use the derived free energy expression to analyze the conditions of temperature and applied strain on the growth of precipitates. In Mg-Al alloys, the orientation relationship between the β and α phase is (0001) α = (110) β , [1210] α [111] β [36, 2] . The transformation strain associated with this hcp to bcc transformation is given by [36] β
where a β is the lattice constant of the β phase, and a, and c, are the lattice constants of the α phase. The transformation strain in the α phase is zero. The transformation strains are assumed to be independent of the change in concentration within each phase. We analyze an alloy whose microstructure is shown in Fig. 7 , where the plate like β phase precipitates are dispersed in an α phase matrix. Assuming the volume fraction of the β phase precipitates is much smaller than the volume fraction of the α phase, the strain field in the α phase ( α ) is constant and same as the applied strain. At the interface of the α and β phase, the following Hadamard jump conditions on stress ( |σ α,β | .n = 0) and strains ( | α,β | .t = 0) hold. With reference to the α phase, the normal directionn coincides with the c axis, and the tangential directionst are along a and b axis. As the strain in the α phase is known, we use the jump conditions, the expression of transformation strain in (11) , and the orientation relationship to solve for the strains in the β phase ( β ). The grand potential Φ α,β is defined as
where the chemical potential µ is defined as
The difference in grand potential is |Φ α,β | = Φ β − Φ α . When |Φ α,β | = 0, the system is in equilibrium, and the precipitate will neither grow nor shrink. When |Φ α,β | < 0, the precipitate will grow, and when |Φ α,β | > 0, the precipitate will shrink. In our calculations, we consider an alloy with 95 at. percent Mg and 5 at. percent Al. Figs. 8a-8d show the contour plots of the difference in grand potential as a function of temperature and applied strain. From these plots, we observe that even at zero applied strain, Φ β < Φ α at all temperatures between 0 to 500 K, thereby implying spontaneous precipitation. This is because the concentration of Al present in this alloy is beyond the equilibrium solubility limits of Al in Mg. Next to determine the role of applied strain, we consider four cases, where compressive and tensile strains are applied volumetric, and along the c, a and b axes, respectively. From Fig. 8a , we observe that compressive volumetric strains lower |Φ α,β | , whereas tensile volumetric strains increase |Φ α,β | . From Fig.8b , we observe that compressive strains along the c axis further lower |Φ α,β | , increasing the energetic favourability of β phase over α phase, thereby promoting the growth of precipitates. Tensile strains along the c axis direction decrease the energetic favourability of β phase over α phase, thereby impeding the growth of precipitates. Surprisingly, Figs. 8c and 8d show us that applied strains along a and b axes have negligible influence on the difference in the grand potential, and hence will not influence the growth or shrinkage of the precipitates.
Figs. 8b-8d also show the influence of temperature on the difference in grand potential. From a thermodynamic point of view, increase in temperature decreases the energetic favourability of β phase over α phase, thereby impeding the growth of precipitates. This can also be understood by looking at Fig. 1 , where the solubility of Al in Mg increases in temperature.
Equilibrium chemical potential and solubility limits We calculate the influence of applied strain and temperature on the solubility limits of Al in Mg (c 0 α ), Mg in Mg 17 Al 12 (c 0 β ), and the chemical potential µ at equilibrium. At equilibrium, the difference in grand potential is zero ( |Φ α,β | = 0), and the grand potential in the individual phases is minimum with respect to the concentration. These are computed from the slope of the common tangent between the β phase solutions and α phase solutions. This is given by 
We numerically solve Eqn. 14 using the Levenberg-Marquardt [37, 38] algorithm. Figs. 9a-9d , show the influence of applied volumetric strains, applied uniaxial strains in a, b and c directions in the α phase, and temperature on the equilibrium solubility limits of Al in Mg. From these contour plots, we see that compressive volumetric strains and compressive strains along the c axis decrease the solubility of Al in Mg, whereas tensile volumetric strains and strains along the c axis increase the solubility of Al in Mg. Strains along a and b axis directions do not influence the solubility of Al in Mg. Temperature has a strong influence on the solubility limits of Al in Mg. It is known from the phase diagram Fig. 1 , that in absence of strain, increase in temperature will increase the solubility of Al in Mg. Figs. 9a-9d , tell us that this holds true for strained cases as well, and also gives us the solubility limits in strain-temperature space. Figs. 10a-10d , show the influence of applied volumetric and uniaxial strains in a, b and c directions in the α phase, and temperature on the equilibrium solubility limits (c 0 β ) of Mg in Mg 17 Al 12 . These plots tell us that there is slight variation in c 0 β with strain and temperature. Compressive strains along the c axis increase the solubility of Mg in Mg 17 Al 12 , whereas tensile strains in the c axis direction decrease it. For the volumetric strains, and strains applied along the a and b axis directions, both tensile and compressive strains decrease the solubility. Increase in temperature also increase the solubility. Overall, the variation in solubility of Mg in Mg 17 Al 12 with applied strain and temperature is small when compared to the variation in solubility of Al in Mg.
In Figs. 11a-11d , we plot the contours of the values of the chemical potential µ under the influence of temperature and applied volumetric and uniaxial strains in a, b and c directions in the α phase, respectively. From these plots, we conclude that the chemical potential at equilibrium is significantly influenced by temperature and the nature of strain, where compressive volumetric strains and strains applied along the c axis direction increases the equilibrium chemical potential whereas tensile strains along these decreases it. Strains applied along the a and b axis directions do not influence the equilibrium chemical potential. Increase in temperature also increases the equilibrium chemical potential.
Overall, we conclude that temperature and nature of strains have a significant influence on the chemical potential at equilibrium and solubility limits in magnesium-aluminum alloys. While the effect of temperature on these properties at zero strain can be accounted for from the (zero strain) phase diagram (Fig 1) , the influence of strain on the solubility limits and chemical potential has been unknown prior to this work. As it is common to encounter a combination of thermal and mechanical loads during processing, our data can provide a reliable input to process models to understand precipitation in these alloys.
Excess free energy Finally, we report the influence of thermomechanical loads on the excess free energy when a solid solution with concentration c undergoes phase separation. The change in free energy is taken with respect to pure magnesium and the pure precipitate phase (Mg 17 Al 12 ), and is calculated from the free energies of the solid solution, and the individual free energies of magnesium and the precipitate. The individual strains in the solid solution, pure magnesium and the precipitate are , α and β , respectively. At a given temperature T , this change in free energy (∆F α,β ) is expressed as
where, c β = 0.586, c α = 1, and the function λ(c) = (c − c β )/(1 − c β ) is such that λ(c β )=0 and λ(c α ) = 1. The resulting condition on the free energy change is ∆F β [c β ; β , T ] = ∆F α [c α , α , T ] = 0, for all temperature. The change in free energy is negative if the free energy of the solid solution is less than the free energy of the phase separated mixture of a precipitate phase and a pure magnesium phase. On substituting Eqn. 2 in Eqn. 15, we can decompose the free energy change as
where these terms are given by
and
Notice that the configurational entropy for pure magnesium is zero and therefore entropy at c = 1, is only due to the electronic contribution, i.e. S(c = 1) = S e (1). In Eqn. 17, the energy E α,β 0 [c] is given by Eqn. 2, and E α,β strain [c] is the contribution of the strain to the total energy in Eqn. 2 
. We consider a case where the strains are α = , and β satisfies the Hadamard jump condition. The total strain in the α and β phases are assumed to be independent of concentration. Fig 12a shows the concentration dependence of the excess free energy at zero strain, at temperatures 0, 200, 400 and 600 K. In Figs. 12b through 12i, we plot the concentration dependence of the excess free energy for different cases of strains, at temperatures of 0, 200, 400 and 600 K. In these figures, we also plot the strain energy contribution (∆F α,β ) to the excess free energy as a function of concentration. Notice that ∆F α,β not only depends on the concentration of each phase, but also on the nature of strain. From these figures, it is evident that the excess free energy for both β and α phases are influenced by temperature and strain. For the β phase solutions, the excess free energy is minimum at c = c β , and is positive elsewhere. For the α phase solutions, the excess free energy is zero at c = 1, and has a minima between 0.9 < c < 1. This minima shifts with temperature and the nature of strain. At T = 0K, the excess free energy changes sign from negative to positive as c is decreased from 1 to 0.9. As temperature is increased, the wells of excess free energy diagram for concentration range 0.9 < c < 1 is lowered and the excess free energy between 0.9 < c < 1 becomes negative. Overall, we conclude that thermomechanical loads have a considerable influence on the excess free energy in magnesium aluminum alloys.
Concluding remarks
Summarizing, we have used first principles calculations to report the influence of thermomechanical loads on the energetics of precipitation in magnesium-aluminum alloys. Our DFT simulations show an increase in equilibrium volume (and hence the equilibrium lattice constants) with the increase in concentration of magnesium. Using these calculations, we have presented expressions of the energy of these solutions as a function of concentration, strain and temperature. We have observed an increase in cohesive energies of solutions with increase in concentration, and also presented their dependence on strain. We have also observed that the formation enthalpy of β phase solutions to be strongly influenced by hydrostatic stress, however the formation enthalpy of α phase solutions remain unaffected by hydrostatic stress. Using the data from our first-principles calculations, we have presented an expression of the free energy of any magnesium aluminum solid solution, and takes into account the contributions of strain and temperature. We note that these expressions of the energy can serve as input to phase field simulations and process models of deformation driven precipitation in magnesium-aluminum alloys.
It is typical during thermomechanical processing to encounter combined thermal and mechanical loadings. We have utilized these free energy expressions to report the dependence of equilibrium chemical potential, the solubility of magnesium in β phase, and the solubility of aluminum in α phase on temperature and applied strain, which was heretofore unknown. We have showed that compressive strains along the c axis decrease the solubility of Al in α phase, and tensile strains increase it. Strains along the a and b axes do not influence the solubility of Al in α phase. Increase in temperature also increases the solubility of Al in α phase. We have also reported a slight variation of the solubility of Mg in β phase with temperature and strain. The equilibrium chemical potential is increased by applied compressive strains along the c axis and increase in temperature, and it is decreased by tensile strains along the c axis. Strains along the a and b axis do not influence the equilibrium chemical potential. Finally, our calculations show that there is significant interplay between thermomechanical loads, and the growth of precipitates in magnesium-aluminum binary alloys. To this end, we have used the free energy surfaces to analyze the conditions of applied strains and temperature on the growth of precipitates. We have concluded that compressive strains along the c axis direction leads to the growth of precipitates, whereas tensile strains along the c axis impedes it's growth. Strains along a and b axis directions do not influence the growth of precipitates. Additionally, lowering of temperature promotes the thermodynamic driving force for precipitate growth. This insight can be used to control the final microstructure of the processed Mg-Al alloys. To elucidate, during thermomechanical processing such as rolling, the normal direction predominantly coincide with the c axis. Additional strains applied along the normal direction -such as during confined rolling -can be used to control the growth of precipitates.
